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1. Introduction

The caloron correspondence arose originally [1] as a correspondence between calorons (instantons on R® x S') with
structure group G and Bogomolny monopoles on R3 with structure group the loop group of G. Later it was realised that the
self-duality and Bogomolny equations can be disregarded and interesting results can be obtained by regarding the caloron
correspondence as a correspondence between G-bundles with connection on M x S', for some manifold M and loop group
bundles with connection and Higgs field on M. In particular in [2], the caloron correspondence was used to calculate the
string class of an LG-bundle, and generalised in [3,4], where it was used to define characteristic classes for £2G-bundles and
LG x S'-bundles. See also [5-7] for related applications of the caloron correspondence.

In the current work, we generalise these constructions by replacing the circle S! by an arbitrary compact, connected
manifold X. We restrict X to be compact in order to make the various spaces of maps and sections associated to X Fréchet
spaces. In summary, ifY — M is a fibration with fibre X and P — Y is a G-bundle, which over a fibre of Y — M is isomorphic
to some G-bundle Q — X, we show that P — Y is equivalent to an infinite-dimensional principal bundle P — M whose
structure group is the group Aut(Q) of automorphisms of the G-bundle Q — X or a subgroup thereof. Which subgroup
occurs depends on whether the fibration Y — M is a product and whether the bundles are framed. The resulting four
possible cases are detailed in Section 2 without proof.

In Section 3, we give the detailed proofs of the correspondence in the most general cases, leaving some of the
specialisations for the reader. In the following section, we show how the correspondence works when P has a connection.
In thislcase, P has a connection and some extra geometric data which we call a Higgs field in analogy with the case when
X=S.
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The main results of the paper are in these two sections and summarised in Theorems 4.8 and 4.9 for the case of a general
fibration and Theorems 4.11 and 4.12 for the case when the fibration is a product. In Section 5 we use these constructions
to define characteristic classes of gauge group bundles and define differential form representatives for them in terms of
connections and Higgs fields. Finally in Section 6 we consider the group of based gauge transformations and provide explicit
formulae for its universal characteristic classes.

2. Description of the caloron correspondences

There are four basic caloron correspondences. To introduce notation we will discuss here what they are correspondences
between and leave the definition of the actual correspondences until later.

Let us fix Q — X a (principal) G-bundle. Define Aut(Q) to be all bundle automorphisms of Q. A bundle automorphism
defines a diffeomorphism of X and thus there is a homomorphism Aut(Q) — Diff(X) whose kernel, the gauge group of Q,
we denote by § and whose image we denote by Diff%(X). We therefore have a short exact sequence

1— ¢ — Aut(Q) — Diffe(X) — 1. (2.1)

Note that, unlike the case where X = S', we may not have Diff¢ (X) equal to Diff(X). To understand how this can happen
note that a diffeomorphism i € Diff(X) is in the image of the map Aut(Q) — Diff(X) if and only if ¥*(Q) ~ Q. For
example, if Q — S? is the standard Hopf bundle of Chern class 1 and v is the antipodal map then v*(Q) has Chern class
—1, so it cannot be isomorphic to Q. It is a standard fact that if s and x are homotopic then ¥/*(Q) >~ x*(Q), which shows
that the connected component of the identity Diff(X) is a subgroup of Diff< (X).

Notice that if R — M is an Aut(Q)-bundle it induces an associated bundle with fibre X defined by R X aut(q) X, where
Aut(Q) acts on X via the homomorphism to Diff(X) above. If Y — M is a locally trivial fibre bundle with fibre X and
structure group Diff¢ (X) denote by F(Y) — M its Diff¢(X) frame bundle. If m € M and f € F,(Y) then, by definition,
f: X — Y is adiffeomorphism onto the fibre Y;;, which we call a frame at m. Notice that not all diffeomorphisms X >~ Y,
are frames unless Diff¢ (X) = Diff(X).

Definition 2.1. Let Y — M be a locally trivial fibre bundle with fibre X and structure group lefQ X) and P — Ybea
principal G-bundle. We say that P has type Q — X ifforallm € M and for all f € F(Y) we havef*(P)

Remark 2.1. Notice that iff,f € F(Y)m, thenf = f o x for x € Diff%(X) so that f*(Q) ~ f* (Q).Moreover if M is connected
and m’ € M, we can join m and m’ by a path which can be lifted to F(Y) as a path joining f € F(Y),, and some f’ € F(Y),y
so that f*(Q) =~ (f')*(Q). Hence for a connected manifold M it suffices to check the type condition at a single point m € M
for a single framing of Y;;,.

We have the following correspondences:

1. The unframed caloron correspondence for fibrations.
There is a bijection between isomorphism classes as follows.
e G-bundles P — Y of type Q — X and;
e Aut(Q)-bundles P — M with an isomorphism of spaces over M from P X pytq) X = MtoY — M.
2. The unframed caloron correspondence for products.
If the fibration is a product Y = M x X then this becomes a bijection between isomorphism classes as follows.
e G-bundlesP — M x X of type Q — X and;
e G-bundles P — M.

We will call these two correspondences the unframed case to distinguish them from the next two cases. First we make a
general definition.

Definition 2.2. We say a fibre bundle W — Z is framed (over a submanifold Zy C Z)if we have chosen a sections: Z, — W.
We call s a framing (over Zy).

We need a number of cases of this definition. Firstly for the G-bundle Q — X we can pickxo € X and qo € Q,. This
amounts to a framing s of Q over the point Zy = {xo} which is determined by the image gy = s(xo). In this case we call xg
and qq basepoints for X and Q. Secondly for the fibration Y — M a framing over M is simply called a framing. Thirdly if
s: M — Y is a framing, we will be interested in G-bundles framed over s(M) C Y. Again we will call these just framed.

In each case there is a natural notion of morphism that preserves the framing. Consider then x € X and g € Q,. By
restricting the short exact sequence (2.1) to framed isomorphisms we have a short exact sequence

1— §o — Autp(Q) — Diff§ (X) — 1. (2.2)

We will be interested in the case where X and Q have basepoints, that is, Q is framed over a point. In this case 4, and Auty(Q)

are the subgroups of ¢ and Aut(Q ), respectively, which fix the basepoint in Q, and Diftg (X) is the subgroup of Diff (X) which
fixes the basepoint of X.
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Note that, because Y — M is not a principal bundle, a global section does not necessarily make it trivial. However, in
the case that it is trivial we take the framing of M x X — M to be m — (m, x) where x is the basepoint for X. Again we
have a notion of the framed type of a framed bundle by restricting all morphisms in Definition 2.1 to be framed. Notice that
if R — M is an Auty(Q)-bundle it induces an associated framed bundle with fibre X defined by R X oyt @) X, where as above
Autg(Q) acts on X via the homomorphism to Diftf)2 X).

With these definitions we have the following correspondences.

3. The framed caloron correspondence for fibrations.

There is a bijection between isomorphism classes as follows.

e Framed G-bundles P — Y over a framed fibration Y — M of framed type Q — X and;

e Auty(Q)-bundles P — M with a framed isomorphism of framed spaces over M from P X ayg,0) X — MtoY — M.
4. The framed caloron correspondence for products.

If the fibration is a product Y = M x X then this becomes a bijection between isomorphism classes as follows.

e Framed G-bundles P — M x X of type Q — X and;

e Go-bundles P — M.

3. Construction of the caloron correspondences

We note first from [8] that the groups in Eq. (2.1) are Fréchet Lie groups with Aut(Q) a Fréchet Lie subgroup of Diff(Q ) and
Diff2 (X) an open subgroup of Diff(X). We will assume throughout that all infinite-dimensional spaces are Fréchet manifolds.
For details see for example [9].

To establish the caloron correspondence we need the following useful fact.

3.1. Principal bundles and extensions

Let
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be an extension of Fréchet Lie groups, that is a short exact sequence of groups such that « is an immersion and 8 a submersion

in the Fréchet sense. In particular 8 admits local sections and thus H — K is alocally trivial L-bundle. Indeed ifs: U — Hisa

local section of H — K for U C K, then we can define U x L — H by (k, I) — s(k)l with the inverse h — (B(h), s(8(h))~'h).
We are interested in the relationships between the principal bundles in the following diagrams

T L N
H \Xﬂ \\
L e

M

R (3.1)

IfS — M is an H-bundle, then L acts on S on the right and the set of orbits S/L is a principal H/L = K-bundle over M.
Moreover S — S/L is a principal L-bundle. Notice that H acts on S/L on the right and the action on S covers this.

As L is normal in H the adjoint action of H on itself fixes L. Given a principal L-bundle T — R with H acting on R, we
say that T is an H-equivariant bundle if the L-action on T can be extended to an H-action on T which moreover covers the
H-action on R. In the case above we clearly have that S — S/L is an H-equivariant bundle. We have

Proposition 3.1. Fix a principal K-bundle R — M. We have a bijective correspondence between isomorphism classes of the
following objects:

(1) Principal H-bundles S — M with S/L — M isomorphic to R — M as K-bundles; and
(2) principal L-bundles T — R which are H-equivariant for the H-action on R induced by the K-action on R using the
homomorphism g.

Proof. The correspondence is as described above except that we need to check local triviality. In the forward direction if
S — M is locally trivial we can cover M by open sets U so that Sy >~ U x H and thus (S/L)y >~ U x H/Lso that Sy — Ry is
isomorphic as a principal L-bundle toU x H — U x H/L. As the extension H — H/L is a locally trivial L-bundle the result
follows.

In the backwards direction let m € M and we want to show that there is an open set U containing m such that Ty — U is
alocally trivial H-bundle, namely Ty >~ U x H. First choose U so that R — M is trivial, that is Ry >~ U x K. As a consequence
we have a section U — R and the pullback of T — R by that section is locally trivial and thus admits a section in some
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open neighbourhood of m. So without loss of generality we can assume that open neighbourhood is U and we have a section
0:U x {1} — T of T restricted to U x {1}. We define

Y:UxH-—>Ty
(x, h) — o (x)h.

This is a smooth bijection of right H spaces. It suffices to show that its inverse is also smooth. We do this by covering Ty
with open sets on which the inverse is manifestly smooth. Let py € Py with 7w (pg) = (mg, ko) € U x K. Choose an open
neighbourhood V of k; in K with a local section s: V. — H of 8. Because T — R is a locally trivial L-bundle, the map
7: T xz T — Ldefined by t;7(t;, t,) = t, is smooth. The restriction ¥ ~! to V is the smooth map V — U x =1 (V) given
by p — (y(p), s(ti (p)) T (o (7wk (p))s(k (p)), p)), where ry and 7k are the natural projections onto U and K respectively.
We have established the desired local triviality. O

3.2. The unframed caloron correspondence for fibrations

We wish to define the correspondences which establish the bijection between isomorphism classes of the following
objects.

e G-bundlesP — Y of type Q — X and;
e Aut(Q)-bundles P — M with an isomorphism of spaces over M from P X py¢q) X — MtoY — M.

We start with P — Y a G-bundle of type Q — X.If Z is a space on which G acts on the right (possibly trivially)
denote by Eq(Q, Z) the space of all G-equivariant maps. If G acts trivially on Z then Eq(Q, Z) = Map(X, Z). Thinking of
Eq(Q, ) as a functor apply it to P — Y. Denote by Map®(X,Y) C Map(X,Y) the image of Eq(Q, P) under the map
Eq(Q, P) — Map(X, Y). We claim that Eq(Q, P) — Map?(X,Y)isa g-bundle, noting that Eq(Q, G) = §. To establish
local triviality, pick m € M and choose a contractible open neighbourhood U which can be contracted to m. Because U
is contractible it follows that Yy = 7~1(U) >~ U x X. Moreover we have that the restriction of P to Y, >~ {m} x X is
isomorphic to Q and so by contractibility of U it follows that Py, the restriction of P to Yy, is diffeomorphic to U x Q. Then
Eq(Q, Fu) ~ Map(X, U) xAut(Q) and Map2 (X, Yy) =~ Map(X, U) x Diff¢ (X) and the projection is the product of the identity
on Map(X, U) with the projection on Aut(Q) — Diff2(X). Local triviality then follows from the fact that Aut(Q) — Diff%(X)
is a principal g-bundle [8].

Define n: F(Y) — Map(X, Y) by recalling that elements of F,(Y) are maps X — Y,; C Y.Then n*(Eq(Q, P)) — F(Y)is
a g-bundle and F(Y) — M is a Diff® ~(X)-bundle. It follows that there is a projection n*(Eq(Q, P)) — M which we describe
as follows. An element of n*(Eq(Q, P)) is a G-bundle mapf Q — P covering some frame f: X — Y. In fact 1fP denotes
the restriction of P to Y, then the fibre of n*(Eq(Q, P)) above m € M consists of all G-bundle isomorphisms from Q — X
to P — Y, which cover a frame X — Yj,,. That is

(7" (EqQ(Q, P)))m = EQ(Q, Pp).

We can apply Proposition 3.1 to the case of the exact sequence (2.1) if we can show that the g-action on 7 *(Eq(Q, P))
extends to an Aut(Q)-action. If p € Aut(Q) is a lift to p € Diff2(X), then we can make p act on f by pre-composition and

this extends the g-action. We denote
e(P) = n*(Ea(Q, P)

thought of as an Aut(Q)-bundle.

To see that this is a locally trivial Aut(Q)-bundle, let us choose again U C M contractible so that Yy >~ U x X and P
restricted to Yy is diffeomorphic to U x Q. If we consider now the construction just defined, we will see that there is a
natural isomorphism from € (P) restricted to U to U x Aut(Q) which gives a local trivialisation.

To complete the correspondence as described in the previous section, we need to describe the isomorphism

G(ﬁ) XAut(Q) X—->Y

of fibre bundles over M. An element of the first space over m € M has the form [(f,f), x] where f: X — Y, is a frame. We

map this to f (x) € Yy,. The action of (p, p) is given by ((f o p,fop), p~'(x)) which maps to f(p(p~1(x))) = f(x).
Consider now the reverse direction. We start with an Aut(Q)-bundle P — M with an isomorphism of spaces over M
from P X ayrq) X — M toY — M. Consider the map

P XAut(Q) Q — P XAut(Q) X.

Because Aut(Q) acts by bundle automorphisms we have a natural action of G on P xauq) Q by [p, qlg = [p, qgl. It is
straightforward to check that this makes

C'(P) = P Xpau) Q > P Xpam@ X =Y
a G-bundle.
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In this case we can assume that locally we have P — M of the form U x Aut(Q) — U so that the bundle
C7'(P) =P xpu@) Q@ = P Xauwo) X
locally looks like
U x Aut(Q) Xaur@) Q = U x Aut(Q) Xaurq) X
or
UxQ —UxX.

We can now use the local triviality of Q — X as a G-bundle to establish that €~ (P) — Y is locally trivial.

The correspondences € and ¢! are best understood as in [3] as functors between the obvious categories of objects and
morphisms although we will not pursue that perspective in the present discussion. They are not inverses in the set-theoretic
sense but only in the categorical sense. That is ¢ 'o@(P) ~ Pand € o C~1(P) =~ P. We construct these isomorphisms next.

We start with P — Y a G-bundle of type Q — X and recall that

e(P)n = Eq(Q. Pp)
applying ¢~! we have
e o e(P) = Eq(Q. Pn) Xau) Q.

There is a natural map from this space to Fm given by [&, ql — {/?(q) which defines a smooth isomorphism of G-bundles
which we denote

%:e 'o@(P) — P. (3.2)
In the other direction let P — M be an Aut(Q)-bundle. Then
€ '(P) =P Xau(o) Q
so that
CoC ' (P)n = Eq(Q, P Xauq) Q)
There is a natural map
P — EQ(Q, Pm Xautq) Q)
defined by p — (q — [p, q]) which extends to an isomorphism of Aut(Q )-bundles

: CoC ! (P) > P. (3.3)

From the categorical viewpoint both these isomorphisms are natural transformations.

3.3. The unframed caloron correspondence for products

In the case that the fibration is a product Y = M x X the caloron correspondence becomes a bijection between
isomorphism classes as follows.

e G-bundlesP — M x X of type Q — X and;
e g-bundlesP — M.

This can be deduced from the general case as follows. Firstly as § C Aut(Q), we can apply the construction as before to
P to obtain P = ¢~ 1(P). But in this case we have

CT'P)=PxQ)/g—> PxX)/§=MxX

as g acts trivially on X.
Secondly, in the other direction, consider the fibre of € (P),, which is

Eq(Q. Pn).
Because Y = X x M we can pick out in here the subset of isomorphisms Q — P, which cover the obvious inclusion
X — X x M, x> (x,m). This is naturally acted on by § and the result is a reduction of the Aut(Q)-bundle to § which we
denote by C(P). Alternatively note that with the previous construction we obtained a §-bundle

n*(Eq(Q. P)) — F(Y) = X x Diff®(X)

because Y = X x M. Then we can pull back this §-bundle with the obvious section of X x Diff (X). Finally using the map
n: M — Eq(X,M x X) givenby m — (x — (m, x)), we get C(P) = n*(Eq(Q, P)).
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3.4. The framed caloron correspondence for fibrations
We sketch briefly the correspondences in the framed case. We want to show that there is a bijection between

isomorphism classes as follows.

e Framed G-bundles P — Y over a framed fibration Y — M of framed type Q — X and;
e Auty(Q)-bundles P — M with a framed isomorphism of framed spaces over M from P Xaygy0) X — MtoY — M.

It suffices to show how to define the framings on the transformed objects. Consider @(F) whose fibre at m € M is
C(P)m = EQ(Q, Pr).
But now both sides have basepoints so we can restrict to those isomorphisms preserving the basepoints and call this
Edo(Q. Pn) C EA(Q, P),

which defines a reduction to Auty(Q). Consider the isomorphism P Xy, o)X — M toY — M which we have defined
above to be

[(F, ¥), x] = ¥ (%).

The framing of the first space is given by the basepoint [(12/, Y¥), xo] and  preserves basepoints so that [(fk, Y), Xo] maps
to ¥ (xo) which must be the basepoint.
In the other direction the construction of €~1(P) is

@71(13) =P XAutO(Q) Q — P XAuto(Q)X ~Y

and both P X ayy () Q and P X aug o) X have natural framings coming from the basepoints of Q and P and the fact that these
are preserved by Auty (Q). N N

We leave it as an exercise to show that the isomorphisms € o €~1(P) ~ P and ™! o @(P) ~ P preserve the framings
just defined.

3.5. The framed caloron correspondence for products

If the fibration is a product Y = M x X then this becomes a bijection between isomorphism classes as follows.

e Framed G-bundles P — M x X of type Q — X and;
e Go-bundles P — M.

We leave this case also as an exercise for the reader.
4. The caloron correspondence with connections and Higgs fields

In this section we will extend the various caloron correspondences from the previous sections to include the data of
connections on the bundles involved.

4.1. Introduction

Before considering how to extend the caloron correspondence to a correspondence for bundles with connections, we
need to recall some facts about principal bundles and to introduce some notation. If 7: P — M is a principal L-bundle
we denote the right action of | € Lon P by R;: P — P and the induced action on forms and tangent vectors R} and (R)).
respectively. If A € [ = T,L the Lie algebra of L, then X defines a so-called fundamental vector field at any p € P which we
denote by ¢, (). Writing to(t — y(t)) for the tangent to the map y att = 0, we have

tp(A) = to(t = pexp(tr)) € T,P.

IfI € Lthen (R)+(1p(X)) = to(t — pexp(tA)]) = to(t pl(I™ Y exp(tM)]) = tpl(ad(l‘1)(k)). A connection one-form w on
P is an [-valued one-form on P satisfying w,(¢p(1)) = A and R (w) = ad(IMow.

If L is a subgroup of H which also acts freely on the right of P, extending the action of L, the connection w is called
H-invariant if it is fixed by H. A straightforward calculation shows the following lemma.

Lemma 4.1. The connection w is H-invariant if and only if

Ri(w) = ad(h Ho.

Consider a fibration 7 : Y — M with fibre X and F(Y) its associated frame bundle which is a principal Diff2 (X)-bundle.
We denote by Ty”Y the vertical tangent vectors or the tangents to the fibres of 7 at y € Y. A connection a on Y is a
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complementary subspace to Ty“ at every y or, equivalently a projection v,: T,)Y — T;’ Y. A choice of connectionon Y — M
defines a connection on F(Y) as follows. The tangent space to f € F(Y) is the subspace of I" (X, f*(TY)) of vectors whose
projection to T, )M is constant. The Lie algebra of Diff2 (X) is I' (X, TX).If€ € I" (X, f*(TY)) is a tangent vector then v, (£ (x))
is a vertical vector at f (x). We have f : X — Y () a diffeomorphism so we can define a;(§) € I'(X, TX) by

@ (E)® = . (va(E ).
Equivalently £ is horizontal if and only if & (x) is horizontal for all x € X.

4.2. Principal bundles with connections and extensions

First we need to reconsider the discussion from Section 3.1 taking into account connections on the bundles in question.
We have the same structure as before. An exact sequence of groups
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and a commutative diagram

S
\f
H R

(4.1)
/?
M
If we fix a point s € Sy, the fibre of S above m € M, there is an H-equivariant isomorphism
H — Snm ht———>sh
K —Rn k ———=m(s)B(h)

determined by the choice of s. Here  is the projection S — R. The L-bundle H — K has two H-actions given by left and
right multiplication. We are interested in the right action which does not commute with the L-action but extends it. An H-
invariant connection for this action is determined by its value at the identity in H which is a splitting of the exact sequence
of Lie algebras

0-15p5 e (4.3)

Let Split(h, €) denote the affine space of all right splittings of (4.3). We define a left action of H on o € Split(h, ) by
ho = ad(h)o ad(B(h)~!). To extend Proposition 3.1 we first need the following Definition.

Definition 4.2. If S — M is an H-bundle, a Higgs field is a section & of the associated bundle S x Split(h, £) or equivalently
a function @ : S — Split(h, ¢) satisfying

@ (sh) = ad(h~H) @ (s) ad(B(h)).

Recall that a right splitting of the exact sequence (4.3) gives rise to a left splitting and vice-versa. Occasionally we will
need to distinguish between these and we will use the notation @" and @' for right and left splittings respectively. They are
related by

DB+ ad' =id, . (44)

For the moment it is most natural to use right splittings for the value of the Higgs field but we warn the reader that from
Proposition 4.6 onwards we will be assuming the Higgs field is a left splitting. We will also adopt the convention that « is
an inclusion and hence not explicitly referred to.

The reason for introducing the Higgs field is the following. If we start with a connection @ on § — M then it is an
h-valued one-form on S. It defines, in standard fashion, a connection @® on the associated bundle R — M which is a ¢ valued
one-form on R. If we introduce an H-invariant connection ' on S — R then this is an [-valued one-form on S and these
objects are related by the equation

o = ot + & (1) (4.5)
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where we have denoted the projection S — R by 7 and have used the fact that @ (s): ¢ — hforall s € S. This equation
gives a correspondence between connections on the one hand and connections and Higgs fields on the other hand, which
we establish in detail in the next proposition.

Proposition 4.3. Fix a principal K-bundle R — M with connection w®. We have a bijective correspondence between isomorphism
classes of the following objects:

(1) Principal H-bundles S — M, with S/L — M isomorphic to R — M as K-bundles with connection w", which projects to @
under the isomorphism, and Higgs field @; and

(2) Principal L-bundles T — R which are H-equivariant for the H-action on R induced by the K-action on R using the
homomorphism B, with connection w* which is H-invariant.

Proof. We assume the isomorphisms from Proposition 3.1 are in place so it is just a question of constructing the connections.
As noted above for convenience we regard [ as included in § and suppress the function o and we expect the various
connections and the Higgs field to be related by Eq. (4.5). We have from Lemma 4.1 that H-invariance of o' is equivalent to
Riw' = ad(h~")w". Notice that this make sense because ad(h™')(1) = land that if h € L this is just part of the condition
satisfied by any connection.

First we do the forwards direction. Assuming that ' and @ are given, we show that the one-form w' defined by Eq. (4.5)
is an H-invariant connectionon S — R.Let A € [and s € S, then

o () = o () — D) (W) (T i5(1))))

o' (Lf (o (k))) —@(s) (w§(5> (0))
= A

as required. Letting h € H and £ € TS we have
a(Ryw) () = a(wh((Rn)«(§)))
ol (R)+(©)) — @ (sh) (0F sy (Rom) (1 (6))))
= ad(h™ )l (§) — ad(h ™)@ (s) ad(B(h)) ad(B(h) "X ) (.(6))
ad(h™H{of!(§) — 2 (5) (" (K (©))))
= ad(h™)(@))(©).

Hence R}w" = ad(h™")" and we conclude that ' is an H-invariant connection on S — R.

Consider the reverse direction. We are given w" which is H-invariant and we wish to manufacture & and define iusing
Eq. (4.5). We define @ as follows. Let s € S and « € ¢ Consider LI;(S)
s € S using w'. The projection of this vector to M is the projection of ¢
Hence we can define @(s): ¢ — h by

o

i (D(5) (1)) = i (1),

We need to check that this is a Higgs field. First we check it splits. We have
‘I;(s) (k) = 7, (ti(s) (x))

(1] (@(5) (K)))

Uy o (B(@()(K))),

where the last line follows from the fact that the H-action on S covers the H-action on R induced by 8: H — K. Thus we
have

(k) € TysR and lift it to a horizontal vector t:g(s) (k) at
K

76 (k) to M which is zero, so it must be vertical for H.

KK =B(@(s)(K))
as required. Next we check that it transforms correctly:
1 (ad(h™ )@ () (K)) = R (' (@ () (K)))
= (Rn). (& ()
= (Rmh))*/@(s) (x))
& o (@ (B ) (c)

(@) (@dBm) ) ©)))
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hence
& (sh) = ad(h™) @ (s) ad(B(h)).

It remains to show that ! defined by Eq. (4.5) is a connection. First we show that w!! (:" (7)) = 5 for all n € . For such an
n we have

n=»xr+@)(B0)

for some A € [. Again we suppress «: [ — b. It follows that
() = i W) + (@) (B)))

L)+ (BO)

and thus we have

W m) = bW M) + @)@ g (& ()

= ol (()) + 0K (B + P )@ (T (209) + P () (@K )7 (B)))

= WHEA) + 0+ 0+ D)@, (K (BI)))
=1+ 2 (BM)
— T).

Next we establish the right equivariance of the connection form, R;ﬁcogl = ad(h‘l)a)ﬁ" .Let& € TS and write

§=E+u0)
where é is horizontal for w" and A € I. Then

(R)«(&) = R)+ () + tan(@d(h ") (1))
and (Rh)*(é ) is horizontal as " is H-invariant. We have
(Rrif)(§) = wff (Rn)«(§))
= b ((Rn)«(§)) + @ (sh) (X g5y (T2 (Rn)(6))))
= 0} (R)(&)) + b, (1n @AW (W))) + @ (sh) (f g 5y (T (RR)£ (£))))
0+ 0l (Rn)«ts(M)) + D (sh) () () sy (Rpii)) 74 (§)))
ad(h™"wt() + ad(h™") @ (s) (ad(B(h)) ad(B(h) "k ) (. (£)))
ad(h™ )k (E) +ad(h™ )@ (s) (of ) (.(8)))
= ad(h ol (¢)

as required.

We leave it as an exercise for the reader to show that when we apply the bijection twice the isomorphisms introduced
in Proposition 3.1 preserve the connections defined here. [0

For the caloron correspondence we need the following slightly more complicated version of Proposition 4.3. Choose an
affine subspace Split(h, £)o C Split(h, €) which is invariant under the action of H. Using the same notation as before we say
a connection w' is a Split(h, £)o-connection if the corresponding Higgs field takes its values in Split(h, £)o. It is then obvious
that we have

Corollary 4.4. Fix a principal K-bundle R — M with connection wX. We have a bijective correspondence between isomorphism
classes of the following objects:

(1) Principal H-bundles S — M, with S/L — M isomorphic to R — M as K-bundles with connection w', which projects to &
under the isomorphism, and Higgs field @ : S — Split(, €)g; and

(2) principal L-bundles T — R which are H-equivariant for the H-action on R induced by the K-action on R using the
homomorphism B, with a Split(, £)o-connection w* which is H-invariant.
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4.3. The unframed caloron correspondence for fibrations with connections and Higgs fields
Let a be a connection on F(Y) — M, where F(Y) is the principal Diff%(X)-bundle associated to Y. This induces a

connection also on Y. We wish to show that there is a bijection between isomorphism classes of

e G-bundles P — Y of type Q — X with connection A and connection a for F(Y) — M and;
e Aut(Q)-bundles P — M with Higgs field ¢ and connection A and isomorphism of X fibrations from P X auq) X to Y
which sends the connection A to a.

We will prove this result using the constructions from Section 3.2 and Corollary 4.4. Recall that in that case the extension
of groups is given by (2.1)

1— ¢ — Aut(Q) — Diff*(X) — 1.

The corresponding sequence of Lie algebras is

0—~ I'X,ad(Q)) » I'X,TQ/G) - I'X, TX) — 0, (4.6)
which is the functor I" (X, ) applied to the Atiyah sequence [10] of Q — X given by
0 — ad(Q) — TQ/G — TX — 0. (4.7)

Remark 4.1. We note for later use that we can identify I" (X, ad(Q)) = I5(Q, g), the space of G-equivariant maps from Q
into g and I"'(X, TQ /G) = I(Q, TQ), the space of G-equivariant vector fields on Q. The inclusion map of the former into
the latter then maps a function p: Q — g into the vector field g = 4(11(q)).

Recall that a connection on Q — X is a splitting of the Atiyah sequence (4.7) with a right splitting corresponding to a
horizontal distribution and a left splitting to a connection one-form on Q. A splitting of (4.7) also induces a splitting of (4.6),
which in turn induces an Aut(Q)-invariant connection on Aut(Q) — Diff¢(X). We take as Split(/" (X, TQ /G), I"(X, TX))o
only those splittings arising in this way and we denote them by 4. It is straightforward to check that -4 is an affine subspace
invariant under Aut(Q) and we are in the setting of Corollary 4.4. Note also that in this situation a Higgs field is an Aut(Q)-
equivariant map from P into splittings of the sequence (4.6). In fact, as we shall see below the construction of the Higgs field
from the proof of Proposition 4.3 adapted to this context naturally takes values in Split(I" (X, TQ /G), I"' (X, TX))o = . Thus,
we can view the Higgs field as an Aut(Q)-equivariant map P — s, or equivalently a section of P X pu¢(q) -

Proposition 4.5. Let f € Eq(Q, 5) and @ be the Higgs field as constructed in Proposition 4.3. The value of @ (f) is the connection
fr@A.
Proof. We havef: Q — Fm covering f: X — Yy,. Following the definition of the Higgs field above we take . € I'(X, TX)

and choose a one-parameter family of diffeomorphisms in Diff®(X), x¢: X — X such that o = idyx and x{(0) = n. We
have

() = to(t = f o xe) € Tr(F(Y)).
The construction of @ (f) implies that there is a one-parameter family of bundle automorphisms x:: Q — Q such that
Xo = idq, X: covers x; and Eq(Q, A)s((f o %)’ (0)) = 0 which is equivalent to Arq ((f o %:(q))'(0)) = Oforallq € Q. The
splitting @ (f) of (4.6) is therefore the map 1 + X/(0). But because A ((f o X:())'(0)) = O forall g € Q, we see that this
must be a splitting in + and one which is associated to the connection one-form f*(A). O

We also note that in this situation the equivariance condition on the Higgs field is particularly nice.

Proposition 4.6. Let @ be a Higgs field for an Aut(Q )-bundle P, viewed as amap P — . Then the condition from Definition 4.2 is
equivalent to

P (py) = Y@ (p),
where ¥ € Aut(Q) and B: Aut(Q) — Diff¢(X).

Proof. First note that if we view & as a connection one-form for each p € P, then what we called the Higgs field in
Definition 4.2 is really the associated splitting I"(X, TX) — [I'(X,TQ/G). That is, the Higgs field is the assignment of
horizontal subspaces of TQ at each pointin Q. To avoid confusion for this proof we denote this splitting @" and the connection
one-form by @', They are related by (4.4). Then by definition the image of @" is the kernel of the one-form @',

We wish to show that the connection one-form corresponding to the splitting ad(y¥~1)@" ad(B(y)) is y*®. It
is straightforward to check that y¥*&' is a connection one-form so we just need to show that ¥*®! annihilates
(ad(\b‘l)q)r ad(ﬂ(tp)))(é) for £ a vector field on X. The adjoint action of Aut(Q) on an element w in its Lie algebra,

Lie(Aut(Q)) = I'(X,TQ/G) is given by ad(¥)(u)q = Yufby-1(q- Similarly, if § € Lie(Diff¢ (X)) then ad(B(y))(&)x =
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B()+&p(y)-1(x)- Notice that this implies that if w is a one-form on Q and ¢ is a vector field on Q then (w*w)q(ad(wfl)gq) =
w¢(q)(w*(1//;1§)¢<q)) = wy ) (y(q)- Letting ¢ = @M ad(B(¥))(£) we note that @ (¢) = 0 and then we have

(Yo" (ad(yHe" ad(B(¥)))(€) = @'(¢) =0
asrequired. O

We note that from now on the default choice for the value of a Higgs field @ will be that it is a connection one-form, that
is a left-splitting. When this is not the case we will write @".

Now we are in a position to extend the caloron correspondence to include connections and Higgs fields. We start with
a G-bundleP — Y of type Q — X. We have seen above that Eq(Q, P) — Map?(X, Y) is a g-bundle. We can apply the
functor Eq(Q, ) to the connection A to obtain a connection Eq(Q, A). Indeed if p € T;(Eq(Q, P)) then p € I¢(Q, f*(TP)),
so forany q € Q we have p; € Tf(q);)‘ and we define

Eq(Q. A)(p) = (q ~ Asig(py)) € I'(X, ad(Q)).

Proposition 4.7. In the situation just described Eq(Q,Z) is an A-connection which is Aut(Q)-invariant on the §-bundle
Eq(Q, P) — Map®(X, Y).

Proof. Consider first what happens when we apply Eq(Q, Z) to a vertical vector in the tangent space to Eq(Q, ﬁ) at f. The
tangent space to f is I'c(Q, f*(TQ)) and a vertical vector is generated by an element of the Lie algebra of ¢ which is given
by an equivariant map i: Q — g. It is a straightforward exercise to check that

tr(u)(q@) = trqu(q)

and then
EQ(Q, A) (i (1) = q = Ar (i (@) = 1(q)

or Eq(Q. A)s (i (1)) = p.

To check invariance under Aut(Q) we first need to understand the adjoint action of Aut(Q) on 4 and its Lie algebra.
Ifg € gtheng: Q — GanditactsonQ by g — qg(q). If ¥ € Aut(Q) then ¥~ 'gyr acts on Q by sending ¢ € Q
o v W (@Qg(¥ (@) = qg(¥(q) or ad(y~")(g) = g o . Hence if u: Q — g is in the Lie algebra of § we have
ad(¥y () = pno . letf;, e EQ(Q, P) withfy =fand p =to(t — f,) € Tr(Eq(Q, P)). We have

RS, (EQ(Q. A)r(p)(@) = EQ(Q. Aoy (to(t = f; 0 ¥))(q)
= A (to(t = Fi(W(@)))
Eq(Q, M) (0) (¥ (a)
= ad(¥ () Eq(Q, A)s (p)

as required. Proposition 4.5 implies that the associated Higgs field is valued in » and so this is an A-connection. O

The pullback of the connection Eq(Q, Z) using n: F(Y) — Map(X, Y) is therefore an Aut(Q)-invariant connection on
the g-bundle n*(Eq(Q, P)) — F(Y).
It follows from Corollary 4.4 that we have a connection A on P — M defined by
A=1"(EqQ. A) + @' (r"0) (48)

where: P — F(Y).
Putting this all together with the results from Section 4.1 we have the following theorem.

Theorem 4.8. Let P — Y be a G-bundle of type Q — X with connection A and let a be a connection for Y — M. Then the
Aut(Q)-bundle P — M has connection A and Higgs field & defined as follows.

e let f € Psothat f :Q— F_mforsomem € M, then (D(f)_:f*(Z).
olf p e I'Q,f*(TP)), let f: X — Ynand p € I'(X, f*(TY)) be the projections of f and p respectively. Then Af(p) €
I'c(Q, TQ) is given by

Ar(0)(@) = Arq (P (@) + " (N (x > F~Huva(pX))) @
where, as before, ®" (f): I'(X, TX) — I¢(Q, TQ) is the right splitting induced by the connection @ (f) = f* (Z).
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Consider the caloron transform in the other direction. Given an Aut(Q)-bundle P — M we define Y = P Xy q) X and

aG-bundleP — Y by P=Px aut@) Q. Recall that the Lie algebra of Aut(Q) is I'c(Q, TQ), the Lie algebra of G-equivariant
vector fields on Q. The tangent space at (p, q) € P x Q is

Tp.9P x Q) =T,P x T,Q
and the vertical vector induced by € Lie(Aut(Q)) is given by (¢, (1), — ().
Let A be a connection one-form on P. That is, A is an Lie(Aut(Q))-valued one-form on P so that if £ € T,P then
Ap(§) € Lie(Aut(Q)) = I¢(Q,TQ) and thus A,(§)(q) € T,Q. As above a Higgs field for P — M is an equivariant map
@: P — A,sowe have

D(p)g (A E) (@) € 0.
We define

Bp.g)(E.0) = (D) (AENQ) +¢) (4.9)
on the product P x Q and we have the following theorem.
Theorem 4.9. Let P — M be an Aut(Q)-bundle with connection A and Higgs field . The one-form  defined in (4.9)on P x Q
descends to a connection one-form A on the G-bundle P — Y.

Proof. We have to show that the one-form
Bp.g) €. 5) = D(D)g (A(E) (@) +£)

descends to a connection one-form A on the G-bundle P — Y.
First we show that w annihilates vectors generated by the action of Aut(Q) on P x Q. In the tangent space at (p, q) such
vectors have the form (1, (1), —u(q)) for some p € I(Q, TQ) and we have

D (D) q(Ap(tp () (@) — n(q))
@ (p)g(n(q) — n(q))
=0.

Dp,q (tp (1), —p(q))

Next we show that @ is invariant under the Aut(Q )-action. Let ¥ € Aut(Q) then
(RS @) p.q) (. §) = By 130 (Ry)«(E). (W5 (D))
= DY) 11 (A Ry EN W (@) + (¥, )g(D))
(V)11 (AdWHAEN W T@) + (¥ He(0)
WD)y 110 (W Ng(BpE) (@) + 0))

‘D(P)q((w*)q(W;1)q(Ap(§)(Q) + §))
@ (p)g(Ap(§)(q) + )
Op.q &, ¢)

as required.

It follows that @ descends to a g-valued one-form on P which we denote byA We need to check that this is a connection
one-form. Notice that G acts on P x Q by acting on Q and that this commutes with the action of Aut(Q) covering the action
onP. If u[p q1(x) is a vertical vector in P it lifts to (0, (4(x)) at (p, ). Applying @y q) We have

.90, tg(x)) = @(P)g(0 + 14 (X)) = -
HenceZ(t(X)) = x.Letg € G, then we have
(Re@) (0. (., §) = Dp.gg) (€. (Re)+(2))
= P (Pgg (Ap(6)(a8) + (R)+(0))
D (D)gg (Re)+(Ap (§) (@) + )
= ad(g71)¢(p)q(Ap(E)(Q) +)
= ad(g "@p.q &, 0)
so that R;Z = ad(gfl)z. Here we use the fact that A,(§) € I';(Q, TQ), so it satisfies A,(£§)(qg) = (Rg)«(Ap(§)(q)). O

The final thing we need to do is to show that when we apply the caloron transform twice in either direction the
connections map to each other under the isomorphisms introduced in Section 3.2.
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Proposition 4.10. Let P — Y be a G-bundle of type Q — X with connection A and let a be a connection for Y — M. Let
P — M be an Aut(Q)-bundle with connection A and Higgs field ®. Let the caloron transforms be as in Theorems 4.9 and 4.8. Then
the isomorphism (3.2)

5:C 'oC(P) > P

preserves connections and the isomorphism (3.3)
:CoC ' (P) > P

preserves connections and Higgs fields.

Proof. Consider first the case that we start with a G-bundle P — Y with a connection A. The isomorphism in question goes
from n (Eq(Q P)) X aut(@) Q tO P and is given by (f, q) — f(q) Under this isomorphism A pulls back to a connection on

n*(Eq(Q, P)) x aut(@) @ which we further pullback to n*(Eq(Q, P)) x Q. We note that
Tr.on* (EQ(Q. P) x Q = I5(Q.f*(P)) x T,Q

and the pullback of A applied to a pair (p, ¢) is
Ao (P@ + () = Aoy (0(@) + (g ©).

Consider now the connection constructed on n*(Eq(Q, 75)) x Q by applying the constructions above twice. First the
connection A gives rise to a connection

A=n"EqQ,A) + &' (n*a)

and the Higgs field identified in Proposition 4.5.
The pair (A, @) gives rise to a g-valued one-form on n*(Eq(Q, P)) x Q given by

@90 ) = D(F)g(Ar(p) (@) +¢)

@ ()g(n* Eq(Q. A) (p)(q) + P (a(m.(p))) + ¢)

@ ()o@ (0@)) + g (@@ (0))) + D (P £).

Notice that under the identifications we are using (see Remark 4.1)Zf(q) (£(q)) is avertical vector in Q and already identified

with a vector in g, so there is no need to apply @(f),. Further the vector @ (a(m.(p))) is horizontal for Z so applying
@ (f) = f*(A) gives zero. Hence we have

3.0 (0, ) = Ay (0(@) + P(F)g(2)

as required.
Consider the second case where we start with an Aut(Q)-bundle P — M with connection A and Higgs field ¢. From
these we construct a G-bundle

P Xpaut@) Q@ = P Xau@) X
with connection A whose pullback to P x Q we have called @ defined by (4.9):

D€, ) = D) (AE) @ + ).
From this we construct the Aut(Q)-bundle n*(Eq(Q, P X autq) Q)) — M with connection A" and Higgs field (¢’)" where

A =n*(Eq(Q, A)) + (&) (*a).

Eachp € Pdefinesanaturalmapf,: Q — P Xauq) Q byfp(q) = [p, gl and x (p) = f, is the isomorphism of Aut(Q )-bundles
defined in Section 3.2:

x: P — 1n"(Eq(Q, P Xau) Q).

We want to show that under this isomorphism A" and &’ pullback to A and &.

First we consider @'. From Proposition 4.5 we have that at p the pullback of @' is f*(A) The frame f,: Q — P Xauq) Q
lifts to Q — P x Q sending q — (p, q) and the tangent to this is ¢ — (0, ¢). Applymg w gives @ (p)q(¢) as required.

To calculate the pullback of A’ by x we need to consider the tangent map to x applied to & € T,P. The result is a section
in FG(Q,fp* (P X aut(q) Q)) which we can lift to P x Q and realise as g — (&, 0) € T,P x T,Q. Considering the first term in A’
we have

7" (EQ(Q, A) p.g (&, 0) = @ (0)g(Ap(£)(q) + 0)
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so that
AL &) = @()(Ay(8)) + @' (p)(a(m.(§, 0))).

But the connection a is the projection of the connection A so we must have
A, &) = 2(D)(Ay(8) + 2" (D) (B(AH(E))).

The relation in Eq. (4.4) then tells us that
AL(E) = Ap(£)

asrequired. O

4.4. The unframed caloron correspondence for products with connections and Higgs fields

We consider Theorem 4.8 and show how to reduce it in this case. Let P — M x X be a G-bundle of type Q — X with
connection A. Take as a, the flat connection on X x M — M. We have seen that the Aut(Q)-bundle can be reduced to a
g-bundle P — M, whose fibre at m € M is all diffeomorphisms f: Q — P, covering X — X x M given by x > (x, m).
Therefore, in the notation of Theorem 4.8, f (x) = (x, m). Let p be a tangent vector at f. Then p(x) = (0, v) € T,X x T;M
for some constant vector v € T,;;M and thus v,(p(x)) = 0 and we have the following reduction of Theorem 4.8.

Theorem 4.11. Let P — X x M be a G-bundle of type Q — X with connection A. Then the g-bundle P — M has connection A
and Higgs field @ defined as follows.

o letf ePsothatf: Q — meorsome m € M covering x — (x, m), then @ (f) =f*(Z).
o If p € I'(Q,f*(TP)), then Ar(p) € I'c(Q, TQ) is given by

A (0) (@) = A (p(@)).

Going in the other direction we have a §-bundle P — M with connection A and Higgs field ¢ and define P=Px 3Q —
M x X.In this case A is a Lie(4)-valued one-form on P so thatif§ € T,P, then A,(§) € I';(Q, g) and applying the Higgs field
has no effect. The formula in the fibration case therefore reduces to

Op. (. 8) =AE) @ + P(P)g(Q)

and we have the following theorem.

Theorem 4.12. The one-form
Op.g &, ¢) =ApE) Q) + D (p)g(¢)

descends to a connection one-form A on the G-bundle P — X x M.

4.5. The framed caloron correspondences with connections and Higgs fields

We leave it to the interested reader to show that in the case of framings the connections we have defined already respect
the framings and the Higgs fields take values in the appropriate space of framed connections.

5. Characteristic classes for gauge group bundles

In this section we shall use the caloron correspondence to calculate characteristic classes for §-bundles, following a
similar approach as in [3]. We begin with a brief review of characteristic classes and the Chern-Weil theory for G-bundles
for the convenience of the reader.

5.1. Review of the Chern-Weil theory

Let EG — BG denote the universal bundle, with the property that any principal G-bundle over M is isomorphic to
the pullback of EG — BG by a classifying map f: M — BG. Up to homotopy equivalence, the universal bundle is fully
characterised by the fact that it is a principal G-bundle and EG is a contractible space. A characteristic class for a G-bundle over
M is a class in H* (M) obtained by pulling back elements in the cohomology group H*(BG). The Chern-Weil theory provides
a mechanism for producing characteristic classes in de Rham cohomology. Let I¥(g) denote the algebra of multilinear,
symmetric, ad-invariant functions on k copies of the Lie algebra g. Elements of I¥(g) are called invariant polynomials. The
Chern-Weil homomorphism is a map

cw: IY(g) = H*M)
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defined by f — cws(A) = f(F, ..., F), for A aconnection on the G-bundle with curvature F. The class cwy(A) € H%*(M) is
independent of the choice of connection and represents a characteristic class of the bundle. For compact Lie groups G, the
Chern-Weil homomorphism applied to the universal bundle is an isomorphism, which extends to an algebra isomorphism

cw: I*(g) S H*(BG). The proof of these results can be found in many standard references such as [11].
Since f is multilinear and symmetric, we will adopt the convention that whenever f has repeated entries they will be
collected into one slot and written as a power, for instance f (A, ..., A, B, ..., B) = f(A*B).
———— — —

k I

5.2. The curvature of the caloron connection

The first step towards calculating characteristic classes is to determine the curvature of the caloron connection given
in Theorem 4,12. Recall that A is expressed in terms of a connection A and Higgs field @ as follows. For a tangent vector
(&, ¢) € Tpp, P we have

Ap. (€, 8) = Ap(E)@ + P(P)g(0).
The curvature F of & is given by the formula

~ ~ 1~ -
F=dA+ E[A’A]'

For a pair of tangent vectors Vi = (&1, ¢1), Vo = (&, &) € T[p,q]F, the commutator term is given by
1 -~ ~ 1 1
E[A(p,q)(vl)7Au7,q)(V2)] = E[Ap(gl)vAp(gZ)](Q) + E[Ap(gl)(Q)7 @ (p)q(52)]
1 1
+ §[¢(p)q(§1)vAp(§2)(q)] + 5[®(p)q(§1), D (p)q(£2)]

= %[A,A]p(%‘l, £)(q) + %[ﬁb, P1(P)q(&1, &2) + [A, Plp,g(V1, V2),
while the differential
dA(Vy, Va) = %(w A(V2)) — V2 (A(Vy)) — A([V1, V)
can be expressed as a sum of four terms,
dA = dpA + dg @ + dp® + doA.

Here we are considering A and @ variously as forms on P and Q and as maps from these spaces. More specifically, we have

e dpA is the derivative of A considered as a one-form on P:

1
dpAgp.q(Vi, V2) = 5((51/‘\);;(%’2) — (54),(51) — Ay ([&1, Sz]))(Q)

e do @ is the derivative of the Higgs field considered as a one-form on Q, i.e. an element of A:

1
do@p,q(V1, V) = E(Cl(qj(P))q(é'z) — 5(@(P))g(51) — @(p)g([&1, Cz]))

e dp@® is the derivative of the Higgs field considered as a map P — +:

1
dr P (Vi Vo) = 3 (@) 0)g(2) — ©) D))

e dyA is the derivative of A considered as an element of Lie($), i.e. a G-equivariant map Q — g:
1
dafa (V1. V2) = (618 (E) — £2(Ay(61)) @).

Putting this all together, we have
F=F+Fs + Vo,

where Fy is the curvature of A, Fy is the curvature of @ considered as a connectionon Q and V@ = dp® + [A, @] + dgA.

Remark 5.1. Comparing this with the caloron correspondence for loop groups [3], the Higgs field there is a flat connection
on the trivial bundle over the circle and hence F, = 0.
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5.3. Caloron classes

We can now proceed to define characteristic classes for the §-bundle P — M using the caloron correspondence. Let f
be an invariant polynomial in I*(g). The Chern-Weil homomorphism for the caloron transform P — M x X determines a

2k-form representing a class cwy (Z) € H*(M x X). Integrating this form over the d-dimensional manifold X yields a closed
(2k — d)-form on M, which we call the caloron class of P. In short, we have

Ik( ) HZk(M x X) H2k d(M)

and we denote by cy;_q(P) the resulting caloron class in H*~4(M).
Note that in order to define a degree r characteristic class for P, we must pick k = (d +r)/2, which in particular requires
r and d to have the same parity.! An explicit formula for the caloron classes of P is obtained by calculating fx cw(A).Givena

connection A and Higgs field & for P, we know from Section 5.2 that the curvature F of the caloron connection A on P splits
into a sum of three terms,

F=Fy+Fp+ V0.
Inserted as arguments into an invariant polynomial f € I*(g), we have
cwr(A) = f(FY) = f((Fx + Fo + V®)").

Note that the base is a product and the forms F4, Fp and V,® are of type (2, 0), (0, 2) and (1, 1) respectively. Integrating
over X picks out only the terms of the type (2k — d, d). Hence, we have

Sak—d(P) = /f((FA +Fo + vq>)k)[zk—d,d]
X

which for the lowest values of the pair (d, k) yields Table 1.
In particular, for X = S, we recover the string classes introduced in [2,3],

e (P) = k/51f(F/§<—1V<D>.

More generally for a manifold X of dimension d, the lowest degree caloron classes are given by

@@sz%ﬁ

a(P) = /f oF, ).

d—2
d+2 1 d=2_; .
6(P) = %/f (FAF;/2+ 5D VOF, 'vor, |,
X .

d—1 d-3 .
d+3 A1 R R

53(P) = +/Xf( FiFp2 'VOF, +3 V¢F¢ Ve 'ver, |,
0

2 j=0 j=0 I=
g el
d+4 1 4 d-2
caP) = —— f(z FAFZ FaFl + ) Y FpFy? VoF 'VoF,
X j=0 j=0 1=0
u
1 & I d—4 _ |
+3 Y3 ver,” 'Ver,'very mvw'")
j=0 I=0 m=0

The formulae get increasingly more complicated, involving more nested sums, as one goes to higher degrees in cohomology.
However, in the special case when G is abelian a straightforward calculation leads to the following general formula:

min{d, k} I . A . '
=8 () () ot o)
- X

s d
=3

1 In the loop group case X was the circle, so dim(X) = 1. Hence the string classes are all of odd degree.
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6. Universal caloron classes

In this final section we restrict our attention to the framed and product case of the constructions in Section 2. There is a
natural model for the universal §o-bundle which allows for explicit expressions for the caloron classes.

The group of based gauge transformations §, acts freely on the space of connections 4 and the quotient is a smooth
tame Fréchet manifold [12], which can be identified with the classifying space B4,. We want to calculate the caloron classes
explicitly for the universal bundle A — 4/40. We do this by choosing a connection and Higgs field; the connection is the

one described in [13] whose horizontal subspaces are given by ker d;, and the Higgs field is simply @ : 4 1 4. The operator
d? is the adjoint of the covariant exterior differential d,, with respect to the inner product

(o, B) = / o A*p
X
for o, B € 2P(X, ad Q). Because 4 is an affine space, the tangent space to 4 at w is £2!(X, ad Q). The map into the vertical
tangent space is
d,: I(X,adQ) — T,4 = 2(X, ad Q)

and we have a splitting T, 4 = im d,, @ ker d}, into orthogonal subspaces. Since the gauge transformations are based, the
Laplacian

d*d,: Ty(X,adQ) — IH(X,ad Q)

is invertible and we denote by G, = (d’d,)~! the corresponding Green’s operator. The connection form can now be
expressed as G, d}, and by Theorem 4.12 the caloron connection on A = (A x Q)/Go over 4/ x X is given by

Awa € D) = God5(@)(€) + wy(£)

for a tangent vector (£, ¢) € Ty, q A, where G,d; (&) is interpreted as a G-equivariant map Q — g. Note that this caloron
connection is framed. Recall that the curvature of A consists of three terms,

F=F4+Fp + V.

Since the Higgs field maps a connection w € « onto itself, clearly Fy evaluated on a pair of tangent vectors V; = (&1, 1)
and V, = (&, &) at (w, q) € 4 is given by the curvature F, (q)(¢1, &) of w.

Next let us consider the term V@. Recall that as with any curvature we only need to evaluate it on horizontal vectors.
Indeed if V; and V; are horizontal, then F V1, V) = d;\(Vl, V,) so the commutator term does not contribute. Let therefore
{1, &2 € T4Q be horizontal forw and &1, &; € £21(X, ad Q) be horizontal (i.e. d’& = 0).As s is an affine space we can extend
&1 and &; to constant vector fields whose Lie bracket must vanish. We also extend ¢; and ¢; to vector fields. From Section 5.2
we have

V(. (V1, V) = dp@(e,q)(V1, V2) + dq (o) () (V1, Vo),

where

1
dp D, (V1, V) = —iwq([ﬁa ¢1)]

since @ is the identity map, and
1
do (God},) (@) (V1, Vo) = 5(1 (a7~ Gudl(@)(52)) — £2(q = Gody (@) (51))
_ 1
= 5<fo(f = 0y(&) + t61)@) — ot - wyE) + r@(a)(q)))

1
= S (8@ - ae@).

where we have abused the notation here by treating w both as a constant and a variable. Hence the (1, 1) component of the
curvature applied to horizontal vector fields V; and V; is

1
Vg (V1. Vo) = 5 (816 @ — £)@ — 061 &D)-

Finally we calculate

1
Fao. (V1. V2) = 5 (610 1= Gud) @(&) — £2( = Cud)@(E)).
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Table 1
Caloron classes for small values of d and k.
d k=1 k=2
1 [ f(VD) [ f (ZFAVCD) <3F2V<1§)
2 [ fFe)  [fof (V¢2+2FAF¢) <3FAV<I>2 + 3F2F¢>
3 - I f (2V¢F¢> <V<D3 + 3F,V&F, + 3FAF¢V¢>>
4 - Iof (F ) (3v¢> Fo + 3FAF2 )
5 - 3V<1>F2
. o

Consider the first term which is

to(t > Gusets @i, (€)= 0t > Gunesy ) &) + Guto (1 B, (&)
to(£ > Guvesy )0+ Guto (£ > di (&) + tady, (&)
- Ga) adgl (%'2)

Taking the adjoint is linear and therefore commutes with differentiation. Finally we note that ad; (&) = — .‘;1d>§2 (&1) because

[ (2, €2 21 vol = [ (6. ad, €2 vobe = [ ad @). £ vol
X X X

and the inner product on g is invariant. Hence we conclude that the curvature F4 applied to V; and V5 is G,, ad; (&). Putting
this all together we have

- 1
Fiog (V1. V) = G, ads, (&) + Fu(@)(61, &) + 5(&(@)«1) — @@ — o1, 2D).

Using this F in the formulae in Table 1 ford = 4and k = 3 we reproduce the results of [ 13] and for d = k = 3 the results
of [14].
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